We study the aggregation transition of a finite polymer system in dependence on the bending stiffness κ with the help of parallel multicanonical simulations. In order to distinguish amorphous aggregates from polymer bundles we introduce an order parameter, measuring the correlation of the end-to-end vectors. With the help of this order parameter, we construct full T -κ phase diagrams for systems with 2 and 8 polymers and discuss the occurring phases from amorphous aggregates to bundle structures. For an intermediate stiffness range we find multiple aggregated phases which change with increasing number of polymers and discuss their nature with the help of microcanonical analyses. We show that the stiffness of semiflexible polymers plays a key role in whether the system forms amorphous aggregates or bundle structures. Understanding the mechanism of polymer aggregation is of relevance for a wide range of research, from biophysical actin networks to the design of materials with certain mechanical properties. Moreover, aggregation of semiflexible homopolymers can be seen as a first-order approximation to protein aggregation. This is associated with several human diseases like Alzheimer's disease, Parkinson's disease and diabetes II [1] . In this context of protein misfolding, the question has been raised recently how to distinguish amyloid fibrils and amorphous aggregates [2] . For an experimental setup, an answer was given involving the kinetics of formation, where fibrillation showed a larger lag phase than amorphous aggregation. It was concluded that the underlying mechanism is related to supersaturation and suggested that the free-energy barrier of amorphous aggregation is lower than that of amyloid fibrillation. The concern of bundle formation has also been addressed recently for actin networks [3] , discussing the influence of kinetics theoretically and proposing an experiment to investigate this effect explicitly. Since biopolymers are rather stiff, the question arises which properties can be associated to stiffness alone.
Understanding the mechanism of polymer aggregation is of relevance for a wide range of research, from biophysical actin networks to the design of materials with certain mechanical properties. Moreover, aggregation of semiflexible homopolymers can be seen as a first-order approximation to protein aggregation. This is associated with several human diseases like Alzheimer's disease, Parkinson's disease and diabetes II [1] . In this context of protein misfolding, the question has been raised recently how to distinguish amyloid fibrils and amorphous aggregates [2] . For an experimental setup, an answer was given involving the kinetics of formation, where fibrillation showed a larger lag phase than amorphous aggregation. It was concluded that the underlying mechanism is related to supersaturation and suggested that the free-energy barrier of amorphous aggregation is lower than that of amyloid fibrillation. The concern of bundle formation has also been addressed recently for actin networks [3] , discussing the influence of kinetics theoretically and proposing an experiment to investigate this effect explicitly. Since biopolymers are rather stiff, the question arises which properties can be associated to stiffness alone.
More generally, it is of great interest to unravel which properties can be reproduced already with a simple, generic model relying merely on monomer-monomer interaction and stiffness. Coarse-grained models for short peptides were used to show that the aggregation of peptides is a phase-separation process [4] . Similarly for exemplary semiflexible polymers, it was shown that the aggregation transition may be accompanied by an additional freezing transition depending on the stiffness [5] . Recently, it has been shown for a single semiflexible polymer that the effect of stiffness opens a broad phase space with a multitude of conformational phases, ranging from globular to toroidal structures [6] .
In this study, we investigate the full semiflexible range of polymer aggregation, from flexible to stiff. Addressing the necessity to distinguish amorphous aggregates from polymer bundles, we introduce an order parameter measuring the correlation between the polymer end-to-end vectors. This parameter is suitable for any linearly extended object, hence applicable also to heteropolymers, a model system for proteins. Here, we consider homopolymer systems of 2 and 8 polymers with 13 monomers each and perform parallel multicanonical computer simulations in order to simulate a broad range of temperature and stiffness. Our results suggest that the polymer stiffness plays a key role in whether the system forms an amorphous aggregate or a correlated polymer bundle.
A detailed microcanonical analysis of the intermediate regime gives additional insight into the apparent structural phases and allows to distinguish the case of a few isolated polymers from many. In the latter case, we are able to see such complex structures like twisted bundles already for this rather simple model, suggesting that stiffness and monomer interaction suffice for their formation. The coarse graining of semiflexible polymers may lead to a variety of models ranging from lattice to continuum formulations.
We employed a common bead-spring model with additional bending stiffness.
Here, the elastic bonds are described by the finitely extensible nonlinear elastic (FENE) potential
2 , where we set r 0 = 0.7 and R = 40 following [7, 8] . All other nonbonded monomer-monomer interactions are modeled by the Lennard-Jones potential V LJ (r) = 4 (σ/r) 12 − (σ/r) 6 with = 1, σ = r 0 /2
and cutoff at r c = 2.5σ. In order to avoid a jump in the energy, the Lennard-Jones potential is shifted by V LJ (r c ). In accordance with Ref. [5] , there is no distinction between intra-chain contacts and inter-chain contacts. The bending stiffness is modeled by an energy contribution from the discretized curvature of the polymers E bend = κ (1 − cos θ i ), where θ i is the angle between neighboring bonds. The polymer system was simulated in a cubic box of extension L with periodic boundary conditions at fixed density ρ = N M/L 3 = 0.001, where M is the number of polymers of length N . We considered a combined set of updates including single-monomer shifts, bond rotations, polymer translation and double bridging.
Despite the simplicity of this model, the extended parameter space requires the use of state of the art simulation methods such as Wang-Landau sampling [9] or the multicanonical method [10, 11] . We applied a novel parallelization of the multicanonical method [12] with up to 128 cores, sampling a broad temperature range for many κ values in the desired region from flexible to stiff polymers. This will be achieved by introducing a weight function W (E) that is iteratively adapted so that updates (µ → µ ) which are accepted with probability min(1, W (E µ )/W (E µ )) lead to a flat energy distribution. In addition, we applied adapted variable update ranges with bias correction [13] to optimize the acceptance rates in every part of the energy landscape. The canonical and microcanonical averages are obtained afterwards by standard reweighting techniques.
In order to distinguish the occurring phases, we considered the heat capacity C V , a "phase" separation parameter Γ 2 and the previously mentioned new order parameter. The heat capacity is defined as the temperature derivative of the average energy and can be obtained from its thermal fluctuations C V = β 2 E
2 − E 2 , with the inverse temperature β = (k B T ) −1 and k B = 1 for simplicity. The "phase" separation parameter is defined as a radius of gyration of the center of masses r i cm of individual polymers [4, 5] , namely
This parameter will be small if all polymers are close together in an aggregate; and large if separated in the fragmented phase. In addition, amorphous aggregates should be distinguished from correlated structures such as bundles or ordered sheets. It can be observed that in the case of stiff polymer bundles, the end-to-end vectors R i (normalized to unit length) of the individual polymers are highly correlated, since the polymers align parallel. On the other hand, when the polymers are separated or in the amorphous phase, the end-to-end vectors are uncorrelated and their relative orientation is random. This is why we introduce an end-to-end correlation parameter C R normalized in such a way that for uncorrelated vectors the parameter assumes 1/3 while it tends to 1 in the correlated case:
Our main results are presented as "phase"-diagrams in Fig. 1 (2 × 13mers) and Fig. 2 (8 × 13mers) . Since the systems are finite by nature, we cannot define thermodynamic phase transitions, but rather consider transitions 
FIG. 1. (Color online) Phase diagram for 2 polymers consisting of N = 13 monomers each, combining the surface plot of the end-to-end correlation parameter CR, the maxima of the heat capacity (black dots) and the temperature derivative of the phase separation parameter Γ 2 (blue squares). We identify several structural phases, namely S (separated), Ai (aggregated) and Fi ("frozen"), and present typical conformations for the low-temperature phases.
between "pseudo" phases. Nonetheless, both pseudophase diagrams give a qualitative overview of what happens in the aggregation process of semiflexible polymers depending on temperature T and stiffness κ. Exemplary simulations for longer chains support the obtained picture. The diagrams show the landscape of the end-toend correlation parameter C R , combined with points indicating transitions from the peaks of the heat capacity (black dots) and the temperature derivative of the phase separation parameter (blue squares). In the latter case, the squares are color coded from dark blue (rather strong signals) to light blue (rather weak signals, which in some cases may be merely small fluctuations without physical significance). We distinguish between the fragmented or separated phase (S), in which all polymers are independent of each other; the aggregated phases (A i ), where all polymers are located close to each other; and the "frozen" phases (F i ), which occur when lowering the temperature even further. At the aggregation transition, we observe the peaks in the heat capacity and the temperature derivative of the phase separation parameter close to each other, this being typical for first-order like transitions. In both diagrams we can clearly see that flexible polymers (low κ) aggregate into a phase A 1 where C R is roughly 1/3, while for stiff polymers the aggregated phase A 2 is described by C R ≈ 1. Looking at typical conformations we observe amorphous aggregates for aggregated flexible polymers (A 1 ) and stretched bundles for stiff polymers (A 2 ). This shows that the introduced end-to-end correlation parameter allows us to distinguish between amorphous aggregates and correlated, bundlelike structures. Going to even lower temperatures, stiff polymers remain in the bundle phase while flexible polymers show an additional "freezing" transition similar to the single polymer case [6, 8] but with the possibility to wrap around each other. The subscripts of the labels F i are assigned from left to right. There is an intermediate regime κ ≈ 4 . . . 8 for the two system sizes, where an additional transition below the aggregation temperature differs noticeably from 2 to 8 polymers. By lowering the temperature, 2 polymers in this region show an initial correlation followed by a decorrelation of the end-to-end vectors. While typical conformations in the initial correlated phase (Fig. 1, A 2 ) could be described as elongated aggregates, the conformations in the uncorrelated phase (Fig. 1, F 3 ) show a different structure that reminds of a knot. These structures occasionally occur in the initial aggregated phase but become more probable at lower temperatures. The knots may have a slight twist and in some cases the U-like polymer structures entangle perpendicularly (C R ≈ 0). For 4 polymers in this regime (not shown here) we observe a similar behavior aggregating first into a correlated phase followed by a decorrelated phase, while 8 polymers demonstrate the reverse situation. In the latter case, with decreasing temperature the aggregation transition first results in an uncorrelated, or amorphous, aggregate (Fig. 2, A 1 ) . Lowering the temperature further, the end-to-end vectors start to correlate and the polymers form bundles (Fig. 2, A 2 ) . At even lower temperatures, the polymer bundles undergo an additional structural transition into the frozen phase F 3 , where typical conformations of this correlated aggregate may be described as twisted rods. This sort of structural specialty has been observed in nature, e.g., within viruses [14] . In the context of material design, it was shown to be produced using patchy particles [15] and it forms upon adsorption to nano-wires [16] . The results in Fig. 2 show that even without the availability of special patchy sites or surfaces, polymers with hard-core repulsion and isotropic short range attraction may form this structure with sufficiently large stiffness.
In order to investigate the difference between 2 and 8 interacting polymers in more detail, we employed a microcanonical analysis [17] , which was proven to be particularly suitable for the study of structural phases in finite systems [4, 18] . In order to achieve this, we took advantage of the employed generalized ensemble simulations which enable us to calculate the microcanonical entropy S(E), up to an additive constant, together with its first and second derivatives. The first derivative yields the microcanonical caloric temperature β(E) = ∂S ∂E which encodes first-and second-order transitions in its inflection points. These points are seen in the second derivative γ(E) = ∂ 2 S ∂E 2 as maxima with γ > 0 for first-order transitions and γ < 0 for second-order transitions [18] . Note that this is just the inverse microcanonical specific heat, γ(E) = − C micro (E)/β(E) 2 −1 . Since the canonical energy is increasing with temperature, transitions at lower energies may be associated with transitions at lower temperatures. Figure 3 shows β(E) and γ(E) for several κ values in the intermediate regime for 2 and 8 polymers.
In both cases, we can see a first-order signature (γ > 0 peak) for the aggregation transition at larger energies. Also, an additional peak appears at lower energies for the intermediate κ regime from κ ≈ 5 to κ ≈ 7 consistent with the observation from the canonical picture, which vanishes for smaller or larger κ. This transition shows a clear difference between the case of 2 and 8 polymers. For 2 polymers and low κ the peak at smaller energies is weak and below zero, suggesting a second-order transition, while for larger κ the peak becomes pronounced and larger than zero indicating a first-order transition from correlated polymers directly into the "frozen" knot phase (A 2 → F 3 ). In the case of 8 polymers the (less pronounced) peak at lower energies is below zero indicating that the corresponding transition from amorphous aggregates to polymer bundles (A 1 → A 2 ) is of second order. In summary, we have presented the full T -κ "phase" diagram, from flexible to stiff polymers, for 2 and 8 short polymer chains. This yields a qualitative picture of the key role of stiffness in polymer aggregation, leading from amorphous aggregates to correlated structures such as polymer bundles and opens a way for characterizing the free-energy landscape involved in amyloid fibrillation [2] . In the intermediate stiffness regime, we identified both aggregated phases at constant stiffness, separated (for larger systems) by a second-order like transition as indicated by the microcanonical analysis. We observed characteristic twisted bundle structures for stiff polymers which have been subject of recent publications, e.g., focusing on viruses [14] and in the context of material design [15, 16] . This observation is of general interest for biopolymers, which typically show rather stiff characteristics. Our results suggest that in order to form these structures there is no need for specific interactions, however, they may stabilize or destabilize them. Instead, the combination of a homogeneous short-range repulsion/attraction together with stiffness suffices for the formation of twisted bundles.
